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Retrieving local effective constitutive parameters for anisotropic photonic crystals
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We propose a method for calculating average local effective permittivity and permeability tensors for
anisotropic photonic crystals through least-squares fits of sets of data points, obtained by rigorous, systematic
complex-band-structure, and reflection calculations for all propagation directions, to appropriate analytic ex-
pressions. The proposed methodology is applied on a specific example of a tetragonal structure of metallic
nanoshells, which is a uniaxial photonic crystal of resonant units. Our results demonstrate the efficiency of the
method at low and moderate frequencies and, at the same time, reveal the inability to define local effective

constitutive parameters in regions of resonance gaps.
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I. INTRODUCTION

The effective electromagnetic (EM) response of photonic
crystals can be described, in general, by permittivity and per-
meability tensors that depend on the angular frequency w and
the wave vector q.! A photonic crystal may consist, for ex-
ample, of a periodic arrangement of inclusions (scatterers) in
an otherwise homogeneous host material.>® If the wave-
length of the EM field is much larger than the size of the
scatterers and the distance between them, a local effective-
medium description through EM parameters that depend,
possibly, on the frequency but not on the wave vector may be
applicable. In a photonic crystal of cubic symmetry, the three
principal axes are physically equivalent. Therefore one ex-
pects this crystal to be isotropic in the long-wavelength limit
with an optical response described by scalar permittivity and
permeability functions, e(w) and w(w), respectively. How-
ever, this is clearly not the case for photonic crystals of lower
symmetry, where tensor, instead of scalar, constitutive pa-
rameters are relevant. In recent years, the problem of homog-
enization of anisotropic photonic crystals has emerged as an
important issue, also in relation to optical metamaterials.*~'?

Owing to their simplicity, quasistatic effective-medium
theories such as the Maxwell-Garnett!® or the Bruggeman'*
theory and extensions of them for moderate frequencies'” are
widely used for the homogenization of photonic crystals.
However, though such approximations are sufficiently accu-
rate in a number of problems, there are situations where they
fail or cannot be applied. Closed-form expressions for the
effective permittivity of photonic crystals in the long-
wavelength limit have been derived within the framework of
the plane-wave-expansion band-structure-method.'®'® This
approach can handle arbitrary unit-cell geometries and de-
scribe optical anisotropy. However, it suffers from the draw-
backs of the plane-wave-expansion method, e.g., its rela-
tively slow convergence in the case of structures with high
dielectric contrast, while its extension beyond the quasistatic
limit is not straightforward. The optical response of an arbi-
trary periodic array of particles, in the dipole approximation,
can be described by a frequency- and wave-vector-dependent
effective dipole polarizability tensor,'” which, in the long-
wavelength (quasistatic) limit, leads to a proper generaliza-
tion of the Clausius-Mossotti equation.'®?’ The retrieval of
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local constitutive effective parameters for lattices of electric
and magnetic dipole particles was also discussed by Simo-
vski and Tretyakov.?! On the other hand, a general self-
consistent homogenization method, which can describe arbi-
trary nonmagnetic periodic metamaterials through nonlocal
constitutive parameters, has been developed by Silveirinha.?
However, in order to be useful for practical applications, a
homogenization procedure should provide tensors of local
effective parameters, which are independent of the polariza-
tion and propagation direction of the wave,?' and additional
efforts along this direction have been undertaken in recent
years. 232

In the present paper we propose a procedure to obtain a
full set of local effective parameters that describe the optical
response of a three-dimensional (3D), generally anisotropic,
photonic crystal, at low and moderate frequencies, by prop-
erly averaging over all propagation directions the results of
rigorous, full-electrodynamic calculations of the complex
photonic band structure and reflection coefficients. By solv-
ing exactly the problem of reflection of light by a flat surface
of the bulk crystal normal to its optical axis and calculating
the corresponding complex photonic band structure, we ob-
tain reliable local effective parameters that can describe the
anisotropic optical metamaterial response in any configura-
tion, e.g., curved metamaterial surfaces, composite structures
involving this metamaterial, etc., without the need of com-
plicated multiple-scattering calculations. Clearly, this is the
first, but very important, step in the process of designing and
studying more complex structures and geometries of
metamaterials’® by avoiding cumbersome calculations. In
Sec. II we report explicit expressions for the dispersion rela-
tions and reflection coefficients of (uniaxially) anisotropic
media and describe how these equations can be used to ob-
tain average effective parameters for photonic crystals of the
appropriate symmetry. In Sec. III we briefly review the main
points of the layer-multiple-scattering method for 3D photo-
nic crystals and discuss in some more detail the appropriate
eigenvalue equations for the complex-band-structure and re-
flection calculations that will be carried out in this work. The
applicability of the proposed methodology is demonstrated
on a specific example of a tetragonal crystal of metal-coated
silica nanospheres in Sec IV. Finally, the last section summa-
rizes the main results of this paper.
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II. WAVE PROPAGATION IN ANISOTROPIC MEDIA

The permittivity and permeability of an anisotropic homo-
geneous material are second-rank tensors.”” Though our re-
trieval method can be applied to any kind of anisotropic
photonic crystal, in the present work we shall be concerned
with uniaxial media with their optical axis along the z direc-
tion, in which case the (relative) permittivity and permeabil-
ity tensors have the forms

g 0 O
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in the (x,y,z) coordinate system. For a plane wave of angu-
lar frequency w and wave vector q propagating in such a
medium the dispersion relations are®
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for transverse electric (TE) polarization, i.e., if the electric
field is perpendicular to the optical axis z, and
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for transverse magnetic (TM) polarization, i.e., if the mag-
netic field is perpendicular to the optical axis z, where c is
the velocity of light in vacuum and q;=(g,,q,). Obviously, if
at a given frequency w we have sets of data points (q,¢(tg),)
and (qy,q(rm),) corresponding to the dispersion relations in
Egs. (3) and (4), we cannot specify by some procedure all
four independent EM parameters €, €,, w;, and u, at this
frequency. For example, if we recast Egs. (3) and (4) in the
form of linear equations y=ax+b, for g(g), Or ¢y, versus
qﬁ, through least-squares fits of the corresponding data one
can only obtain the coefficients u,/u,, £,u,, and &,/¢&,; and
of course, the goodness (accuracy) of the fits, the irrelevance
of the direction of q, and the coincidence of the values of
&, m, deduced independently from Egs. (3) and (4) will cor-
roborate the assumption of a uniaxial, local homogeneous
medium.

In order to be able to determine all four independent EM
parameters, one can consider, in addition, the reflection co-
efficient of a plane wave incident from a homogeneous and
isotropic medium with (relative) permittivity &; and perme-
ability u; on the uniaxial medium under consideration. As-
suming that the interface between the two media is perpen-
dicular to the optical axis of the uniaxial medium, we have?

[
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for TE- or TM-polarized incident waves, respectively. These
waves excite modes of the uniaxial medium corresponding to
the dispersion relation in Eq. (3) or Eq. (4), respectively, and,
therefore, the transmitted and reflected waves maintain the
same polarization as the incident wave. From nonlinear least-
squares fits of data points (q,7(tg)) and (q;, 7)) to Eq. (5)
or Eq. (6) one can obtain u;u., €,/ 1, and &;&, considering
them as adjustable parameters. Again, the goodness of the
fits, the irrelevance of the direction of qy, and the coincidence
of the values of &;/u, deduced independently from Egs. (5)
and (6) will corroborate the assumption of a uniaxial, local
homogeneous medium. The quantities ., £,/ uy, and €&,
deduced from reflection-coefficient data, together with
M/, €10, and gy/e,, deduced from dispersion-relation
data can be used to determine the values of all four indepen-
dent EM parameters at the given frequency through a best-fit
procedure. It should be noted that our approach requires ful-
fillment of a number of equations larger than the number of
unknowns. This poses more severe restrictions on the EM
parameters and offers a criterion to assess the validity of a
local effective-medium description, in contrast to other re-
trieval procedures, e.g., based only on reflection-coefficient
data.?*

III. LAYER-MULTIPLE-SCATTERING METHOD FOR
PHOTONIC CRYSTALS

Rigorous calculations of the complex band structure and
reflection coefficients of the photonic crystals that will be
considered in the present work will be carried out by the
layer-multiple-scattering method.3*-3? This method provides
a versatile and efficient computational framework for fast
and accurate full-electrodynamic calculations of the optical
properties of structures consisting of successive, possibly
different, layers of scatterers arranged with the same two-
dimensional (2D) periodicity. The properties of the indi-
vidual scatterers enter only through the corresponding scat-
tering 7 matrix, which, for homogeneous spherical particles,
is given by the closed-form solutions of the Mie scattering
problem.?! For spheres consisting of a number of concentric,
homogeneous spherical shells, the 7" matrix is obtained by an
efficient recursive algorithm.3?

At a first step, in-plane multiple scattering is evaluated in
a spherical-wave basis using the single-scattering 7 matrix
and proper propagator functions. Subsequently, interlayer
scattering is calculated in a plane-wave basis. Because of the
2D periodicity of the structure in the x-y plane, the
component of the wave vector of the incident wave
parallel to the layers, q, is written as q;=k;+g’, where k|,
the reduced wave vector in the surface Brillouin zone, is a
conserved quantity in the scattering process and g’ is a cer-
tain reciprocal vector of the given 2D lattice. Therefore, the
wave vector of the incident wave has the form
Kgi,:kH+g’ +[¢*~(k,+g')?]"?é., where &, is the unit vector
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FIG. 1. A photonic crystal built of consecutive layers.

along the z axis, which is taken perpendicular to the layers,
and the + or — sign refers to incidence from the left (z<<0) or
from the right (z>0), i.e., a wave propagating toward the
z>0 or the z<<0 half space, respectively. Since w and k; are
conserved quantities in the scattering process, the scattered
field will consist of a series of plane waves with wave vec-
tors

K, =kj+g+[¢" - (k+g)*]"%, Vg (7)

and polarizations along €, and €, (polar and azimuthal unit
vectors, respectively, associated with every K;, s=7).
Though the scattered field consists, in general, of a number
of diffracted beams corresponding to different 2D reciprocal-
lattice vectors g, only beams for which K:_ is real constitute
propagating waves. When (k;+g)>> ¢* the corresponding
wave decays to the right for s=+, and to the left for s=—; and
the corresponding unit vectors €, become complex but they
are still orthonormal (é,-€,,=38,,,p.p'=1,2). The waves
transmitted through and reflected from a single layer are ob-
tained by appropriate transmission and reflection matrlces:
Q;p 2'p! and Q;; a'p’ for incidence from the left and Q

and Qgp a'p’ for incidence from the right, respectively.

The Q matrices of multilayers with the same 2D periodicity
are obtained by combining the corresponding matrices of the
component layers so that to describe multiple scattering be-
tween the layers to any order. The ratio of the transmitted or
reflected energy flux to the energy flux associated with the
incident wave defines the transmittance, 7, or reflectance, &,
respectively, of a given slab.

For a 3D photonic crystal consisting of an infinite peri-
odic sequence of layers, stacked along the z direction, the
wave field in the host region between the nth and the
(n+1)th unit slabs has the form

E(I') E { gpin exp[lK; : (I' - An)]

gp:g’p’
31,32

+Egyy expliKy - (r—A,) ]}, (8)
for given w and k, where A, is an appropriate origin between
the nth and the (n+1)th slabs The coefficients ESgp , are ob-
viously related to the Egp;n .1 coefficients through the Q ma-
trices of the unit slab. In matrix form we have (see Fig. 1)

QIE+ + QHE

n+1 - n+l>

E,=Q"E!+Q"VE,,,. )

On the other hand, Bloch’s theorem implies that
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E;, =exp(ik - a3))E;, (10)

where a; is a vector which takes us from a point in the nth
slab to an equivalent point in the (n+1)th slab and
k=[k;.k (w,k)]. For given w and k; one can obtain k, from
the following eigenvalue equation:

ooy oo )
_ [QIV]—IQHIQI [QIV]—I[I _ QIIIQII] Ey_H.]

E+
=exp(ik - a3)(E_" ), (11)

n+1

which follows directly from Egs. (9) and (10). Alternatively,
Egs. (9) and (10) lead to an eigenvalue equation for the trans-

fel’ matl‘iX
n

E;
=exp(ik - a3)(E_ ) . (12)

<QI _ QII[QIV]—] QIII QII[QIV]—
_ [QIV]—]QIII [QIV]—I

The solutions k,(w,k;) resulting from Eq. (11), or equiva-
lently Eq. (12), looked upon as functions of real w, define,
for each k|, lines in the complex k, plane. These are termed
real-frequency lines and, taken together, constitute the com-
plex band structure of the infinite crystal associated with the
given crystallographic plane. A line of given k; may be real
(in the sense that k. is real) over certain frequency regions,
and be complex (in the sense that k. is complex) for @ out-
side these regions. It turns out that for given k; and w, out of
the solutions kz(a),kH), none or, at best, a few are real and the
corresponding eigenvectors represent propagating modes of
the EM field in the given infinite crystal. The remaining so-
lutions k.(w,k;) are complex and the corresponding eigen-
vectors represent evanescent waves. These have an ampli-
tude which increases exponentially in the positive or
negative z direction and, unlike the propagating waves, do
not exist as physical entities in the infinite crystal. However,
they are an essential part of the physical solutions of the EM
field in the case of a surface or a slab of finite thickness. A
region of frequency where propagating waves do not exist,
for given k|, constitutes a frequency gap of the EM field for
the given k. If over a frequency region no propagating wave
exists whatever the value of kj, then this region constitutes
an absolute frequency gap.

The reflection matrix of the corresponding semi-infinite
crystal, R, for given w and k;, can be obtained from the set
of eigenvectors f of the transfer matrix on the left-hand side
of Eq. (12) as follows. The Bloch eigenmodes are first clas-
sified as forward or backward, depending on if they propa-
gate (or decay) along the positive or negative z direction,
respectively. This classification for the evanescent modes is
straightforward, according to the sign of Imk,. For the
propagating modes (Im k,=0), we examine the direction of
energy flow, which is determined from the sign of the quan-
tity
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&= X (|-f;p|2 - |f2;p|2) -2Im X el /el >
gp gp
& +2)2<q’ & +2)>>¢
(13)

where fgp are the components of a given eigenvector.’* In the
numerical implementation of the method we keep a finite
number, g.... Of reciprocal-lattice vectors (those of the
smallest magnitude), in which case we obtain 4g,,., eigen-
values and corresponding eigenvectors [see Eq. (12)]. Half of
them correspond to forward modes and the other half corre-
spond to backward modes, as a result of time-reversal sym-
metry. Let us now define the 4g,,.. X 4gm.x €igenvector ma-
trix, F, as follows. Its first 2g,.. columns comprise the
eigenvectors corresponding to the forward (+) modes and its
last 2g,,.« columns comprise the eigenvectors corresponding
to the backward (—) modes. This matrix has a simple physi-
cal interpretation. It projects the space of forward and back-
ward Bloch eigenmodes, V* and V-, onto the original plane-

wave basis, i.e.,
E; F** F* \(V*
(Ea):(F-+ F)(V) (1)

By definition, each eigenmode propagates through the crystal
without changing its state and, on the other hand, for a semi-
infinite crystal, there is no rear surface to reflect the forward
into the backward Bloch waves. Therefore, the appropriate
boundary condition for the scattering problem of an EM
wave incident on a semi-infinite photonic crystal from the
homogeneous host material that (it is assumed) extends to
infinity is V-=0.% This condition, applied to Eq. (14), leads
to

E,=F*'[F*]'E; =R.E{, (15)

which defines the reflection matrix, R.,, of the semi-infinite
photonic crystal.

IV. A TETRAGONAL CRYSTAL OF METALLIC
NANOSHELLS

We shall apply our homogenization procedure on a ge-
neric anisotropic photonic crystal, namely, a simple tetrago-
nal lattice of silica nanospheres (ggjica=2-13, Mgilica=1) Of
radius R;, coated with a thin concentric metallic shell of
thickness D, shown in Fig. 2. We assume that the metallic
material is described by the simple, yet effective, Drude rela-
tive permittivity3°
_wL (16)

en=1- ,
m o(w+ir ")

where o, is the bulk plasma frequency and 7 the relaxation
time of the conduction-band electrons that accounts for dis-
sipative losses, and u,,=1. For convenience, we shall use w,
as the frequency unit and ¢/ w, as the length unit (consider-
ing a typical value of 10 eV for fiw,, ¢/, corresponds to
about 20 nm). These metallic nanoshells are chosen because
they are easily tunable resonant units. Plasmons of the outer
and inner surfaces of the shell interact with each other and
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FIG. 2. A schematic view of the primitive cell (left) of the
photonic crystal under consideration. A simple tetragonal crystal
with lattice constants a=3c/ w, and d=6¢/ w, of nanospheres (right)
consisting of a silica core of radius R;=0.7¢/ w;, and a metallic shell
of thickness D=0.3¢/ w;, in air.

give rise to coupled resonant modes, one below the lower
(particlelike) and one above the higher (cavitylike) plasmon
modes.?”*®¥ The interaction and the resulting level shifts in-
crease as the overlap between the corresponding wave fields
becomes larger, i.e., by reducing the shell thickness and is
more pronounced for the fundamental dipole modes because
of their relatively larger spatial extent* Taking
R,=0.7c¢/w, and D=0.3c/w,, the lowest (dipole) plasmon
modes of the nanoshells in the given crystalline arrangement
create flat resonance bands at moderate frequencies where
we shall apply our homogenization procedure, thus making
the situation more interesting.*

The unit cell of the crystal under consideration is shown
in Fig. 2. We view the crystal as a sequence of successive
square lattices (lattice constant a=3c/ wp) of nanoshells,
stacked along the z direction. The distance between consecu-
tive planes is d=6¢/ w,. Complex photonic band diagrams of
this crystal, as calculated by the layer-multiple-scattering
method, are displayed in the left-hand panel of Fig. 3. We
have deliberately disregarded absorption in the metallic ma-
terial, taking 7-'=0 in Eq. (16); however, the on-shell layer-
multiple-scattering method can also take into account the
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04F ' [0
%Q
S 02f - )!

O'O 1 1 1 1 1 1

10 05 00 05 10 05 1.01.005 0.0
kd/m R

FIG. 3. Left-hand panel: the complex photonic band structure of
the crystal shown in Fig. 2 for k=0 (upper diagram) and
k;=(0.08,0.04)27/a (lower diagram). The thick and thin lines de-
note doubly degenerate and nondegenerate bands, respectively.
Over the gap regions we display the complex bands with the small-
est in magnitude imaginary part; their real part is shown by dashed
lines and their imaginary part is shown in the gray-shaded areas.
Right-hand panel: the corresponding reflection spectra of the semi-
infinite crystal.
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FIG. 4. Fits (solid lines) of dispersion-relation (left-hand panel)
and reflection-coefficient (right-hand panel) data (open symbols),
obtained from rigorous layer-multiple-scattering calculations for the
photonic crystal shown in Fig. 2 at w=0.2w,, to Egs. (3), (4) and
(5), (6), respectively. Open triangles and circles refer to TE and TM
polarizations, respectively.

effect of dissipative losses. In order to ensure adequate con-
vergence in our calculations, we truncate the spherical-wave
expansions at /.., =5 and take into account 25 2D reciprocal
lattice vectors. The fact that the (001) surface of the given
crystal is a plane of mirror symmetry implies that the fre-
quency bands appear in pairs: k,(w,k;) and —k.(w,k); this is
why in Fig. 3 we show the bands only for positive k,. For
k=0, i.e., along the [001] direction, the bands have the sym-
metry of the irreducible representations of the C,, point
group: A, Ay, Ays, and A,,, which are one dimensional, and
As, which is two dimensional.*! The bands shown in the
top-left diagram of Fig. 3 are all doubly degenerate; they
have the As; symmetry. Along another direction in the
Brillouin zone, which is invariant under the symmetry opera-
tions of a (smaller) point group that does not possess a two-
dimensional irreducible representation, all bands are nonde-
generate (see bottom-left diagram of Fig. 3). This splitting of
the doubly degenerate bands should be accounted for by a
proper anisotropic effective medium, according to Egs. (3)
and (4). It is worth noting that, in the strict sense, such a
splitting occurs even in a cubic crystal. However, in this
case, our calculations show that the anisotropy is negligibly
small, in agreement with the assumption of an optically iso-
tropic effective medium, at low and moderate frequencies.

The dispersion diagrams of the photonic crystal under
consideration in the frequency region of interest are charac-
terized by broad bands of extended states and narrow bands
of localized states that originate from the dipole particlelike
plasmon modes of the individual nanoshells, weakly interact-
ing between them. Anticrossing interaction between these
bands leads to the opening of frequency gaps. In the gap
regions there are no propagating modes of the EM field and
the real-frequency dispersion lines continue analytically in
the complex k, plane.*> There is, in principle, an infinite
number of such complex bands but, over a gap region, it is
the complex band of the appropriate symmetry with the
smallest in magnitude imaginary part of k,, which determines
the decay of EM waves along the given direction. Obviously,
the corresponding reflectivity of the semi-infinite crystal
equals unity in the gap regions, as shown in the right-hand
panel of Fig. 3.
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FIG. 5. The same as Fig. 4, at 0=0.43w,.

We have carried out systematic band-structure and reflec-
tion calculations along many directions corresponding to dif-
ferent points q;(=k;) for the given photonic crystal in the
frequency region under consideration. The results obtained
must follow Egs. (3), (4) and (5), (6), respectively, and they
indeed do so outside the gap region as shown in Figs. 4 and
5. From the corresponding fits we setup a system of eight
equations for the four unknown parameters, &, €,, u;, and
M., which is subsequently solved by a second (nonlinear)
least-squares fit procedure. We adopt as a quantitative esti-
mate of the goodness of the fits at a given frequency the
corresponding average standard deviation. The variation in
the effective constitutive parameters versus frequency, ob-
tained in the above manner, is displayed in Fig. 6 together
with the corresponding standard deviation. It can be seen
that, with the exception of the region of resonance gaps
where local constitutive parameters are physically
meaningless?! and our fitting procedures fail completely, av-
erage effective permittivity and permeability tensors can be
defined with sufficient accuracy. The anisotropy of the per-
mittivity, &, —&,, grows from 0.07 at low frequencies to very
large values on the order of 100 as we approach the gap and
decreases again above the gap, while w;— u, is less than 0.02
over the whole frequency range under consideration.

Our homogenization procedure defines a complete set of
local effective parameters based on the idea that a hypotheti-
cal homogeneous, anisotropic material mimics the response

0.1 020304 01020304

l0Y0) w/w
p P

FIG. 6. Average effective constitutive parameters (their real and
imaginary parts are shown by solid and dotted lines, respectively)
of the photonic crystal shown in Fig. 2. The standard deviation in
the fitting procedure at different frequencies is shown by gray-
shaded areas. In black regions, average effective parameters are
meaningless.
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of the photonic crystal, in the sense that light propagation
along any direction in the two media obeys the same disper-
sion relations and, also, an externally incident wave, imping-
ing at any angle on their surface, produces the same reflected
field in the far zone. We note that the effective parameters do
not describe the exact form of the wave field inside the actual
crystal where, at a given frequency, it has the form of a
Bloch wave and not a simple plane wave. It should also be
pointed out that, as for any effective-medium approximation,
in order for our homogenization procedure to be physically
meaningful, there must be a single dominant relevant Bloch
mode at a given frequency. Moreover, the wavelength in the
embedding medium must be larger than the in-plane period
of the structure, so that there is only a single propagating
mode of the reflected field, for g=0 [see Eq. (7)]. All other
components of the wave field, corresponding to higher-order
diffracted beams, are evanescent.

V. CONCLUSION

In summary, we presented a general procedure to evaluate
average local effective parameters of anisotropic photonic
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crystals, by fitting the results of systematic, rigorous
complex-band-structure and reflection-coefficient calcula-
tions, over a wide range of propagation directions, to appro-
priate analytic expressions. The quality of these fits provides
an additional means to control the validity of a local
effective-medium description of the composite structure in
different spectral regions. We applied the proposed approach
on a specific example of a tetragonal crystal of metallic
nanoshells using the full-electrodynamic on-shell layer-
multiple-scattering method, which allows one to calculate,
also, the complex propagation constants in gap regions
and/or describe lossy photonic crystals. Our results show that
the optical response of the given structure, along any direc-
tion, can be described with sufficient accuracy by permittiv-
ity and permeability tensors that correspond to a local, ho-
mogeneous uniaxial effective medium. This description is
valid at low and moderate frequencies, except in spectral
regions of resonance gaps.
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